I. Introduction
A semigroup is said to have an invariant mean if there exists a positive linear functional of norm one on the space of all bounded real-valued functions on the semigroup which is invariant under left and right translation operators.
It is known that every abelian semigroup has an invariant mean. It is the object of this paper to prove that an abelian semigroup has a unique invariant mean if and only if the semigroup has a finite ideal in it.
We first consider finitely generated abelian semigroups and prove the equivalence of the following three conditions- (1) The semigroup has a unique invariant mean. ( 2) The semigroup has a finite ideal in it. (3) Every homomorphism of the semigroup into the integers is trivial.
Using this theorem we give a proof of our main result.
II. Definitions and notation
Let 2; be a semigroup, and let m(2:) be the space of bounded real-valued functions x on 2; with x sup Ix(z) ]. For each z in 2: we define the left translation operator l carrying m(2;) into itself by (lx) (r)= for each x in m(2;) and r in 2. Similarly we define the right translation operator r by (r x) (r) x(r) [4] .
Let 11(2;) be the space of all real-valued functions on 2; such that I() is finite. An element of 11(2:) is called a finite mean if (i) (a) >= 0 for all a in 2;, (ii) {a:(a) > 0}. is a finite subset of 2;, and (iii) (a) 1. We can regard 11(2;) as a subspace of m(2;)*, but to be more precise we define the mapping Q from 1(2;) into m(2;)* by (Q) (x) (a)x(a), x era(2:), e 1(2;).
The mapping Q preserves all the structure of 1(2;). If We will now state some general results which will be used in later sections. For the proofs see [5] . LEMMA 1. Let be any semigroup, and let {} be a net of means w*-convergent to left invariance. Then evy w*-cluster point of the net {tt,,} is a leftinvariant mean [5, p. Proof. In the proof we shall require the following lemma" LEMMA 4. Let S be a set of positive integers such that if x and y are in S then x y is in S. Suppose that the greatest common divisor of the elements of S is d. Then S contains all multiples of d from some point onwards.
This lemma is proved on page 176 of [6] . We now come to the proof of Lemma 3. Let the semigroup be called A. Since division by the greatest common divisor of the elements of A yields an isomorphic semigroup, we may assume, without loss of generality, that the greatest common divisor of the elements of A is 1. Let A += {xlxA,x > 0}, A-{xixA,x < 0}.
Suppose that neither A + nor A-is empty. Let d be the greatest common divisor of the elements of A +, and e the greatest common divisor of the elements of -A-. Then We shall first prove that if is any invariant mean and x is any point in m(2;), then p(-x) <= t(x) <= p(x).
Take any sequence al,'", a of elements of 2. Since is a mean, t(Y) =< sup y(z) for any y in m(2;). Take any r in 2;. Then t(Y) (l y) _-< sup (l y) (a) sup y(ra) sup_>_ y(a).
Taking y (l/n)1 l x, we see that (x) -<_ sups>=, (l/n) in__--I X(O'i 0").
This being true for any r in 2 and any sequence (rl, we conclude that (x) =< p(x) for all x in m(21).
(r of elements of 21, Consequently This concludes the proof of our lemma.
We now come to the proof of our theorem. Without loss of generality (as will be clear from the argument that follows) we may assume that no 21 has any finite ideal in it. Thus as explained before, we get for each 5 We divide the integers into two classes C1 and C as follows' C {0} u U0 {n'10 +1 -< [hi < 10+}, C Uo {n'10 _-<In} < 10'+1.
We define x0 in m(I) by
Let y--H(xolI), so that y e m(2;) and y(a)= xo(h (r) for Let x be an extension of y taking the value one outside 21. Thus we get a net of elements x of m(2) all of norm one. Since m(2) is the conjugate space of l(Z), we can get a w*-convergent subnet of the net {x:}. Again without loss of generality (as will be clear from the argument that follows), we may assume that the net {x'} itself converges to u point x in the w*-topology of m(2). In particular, lim x(a) x(a) for each a in 2. It is clear that lim y(a) x(a) and that the only possible wlues of x(a) are -[-1 and -1.
We notice that when we speak of the limit of y(a) we consider only those Z which contuin the element a. We let 
